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A number of studies have modeled flow and mixing of granular materials using the discrete element method (DEM). In
an attempt to reduce computational costs, many of these DEM studies model particles larger than the actual particle
size without investigating the implications of this assumption. Using DEM, the influence of the modeled particle size on
flow and mixing in a bladed granular mixer is studied. The predicted flow microdynamics, including mixing rates, are
strongly dependent on the particle diameter. The effect of particle size on macroscopic advective flow also is significant,
particularly for dilute flow regions. These results suggest that the influence of particle size needs to be taken into con-
sideration when using larger particles in DEM mixing simulations. To guide scale-up efforts, particle-size-based scaling
relationships for several key flow measurements are presented. VC 2014 American Institute of Chemical Engineers
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Introduction

Particulate flow and mixing in various blender designs have
been extensively modeled using the discrete element method
(DEM).1–4 Since DEM is a computationally expensive tech-
nique, the number of particles that can be realistically simulated
is limited. DEM models with O(105) particles or fewer are typi-
cal, although a few studies have been able to reach Oð106Þ par-
ticles.5 In reality, granular mixers may contain more than
O(109) particles, for a particle diameter of 100 mm.6,7 Since
meaningful DEM simulations with O(109) particles are cur-
rently intractable, most studies implement particle sizes that are
much larger than actual powder grains.

The goal of this work is to systematically investigate the
influence of the particle size on advective flow (quantified
by solid fraction, velocities, and torque) and microdynamic
behavior (characterized by velocity distributions, coordina-
tion number, and diffusion coefficient). A periodic slice from
a horizontal bladed mixer with rotating impeller blades is
selected for this study, motivated by the geometry used in
previous studies of a continuous granular mixer,8–12 With a
better understanding of particle size effects, scale-up rela-
tionships may be developed for this commonly used class of
blenders.

Background

Bridgwater et al.13 were some of the early researchers to
identify that particle size affects the random diffusive parti-
cle motion in a granular bed agitated by a moving blade.
They found that the advective horizontal displacements were
independent of the particle size, but the displacements’
standard deviations, a measure of mixing, was particle-size
dependent. Bridgwater et al.13 simply stated that this stand-
ard deviation of particle displacements will be a function of
the particle diameter but did not propose one themselves.

Scott and Bridgwater14 and Bridgwater15 reported “self-

diffusion” coefficients for spherical particles in a simple shear-

ing apparatus. The self-diffusion coefficients were scaled by

the square of the particle diameter (d2
p). A more detailed rela-

tionship between the diffusion coefficient and particle diameter

was referenced in Khakhar et al.16 and Ottino and Khakhar,17

and discussed in greater detail by Savage,18 and is given by

D5f ðmÞd2
p

dvx

dy
; (1)

where D is the isotropic diffusion coefficient, f ðmÞ is a func-
tion of the solid fraction m, and dvx=dy is the shearing strain
rate. Equation 1, however, does not account for the strong
anisotropy existing in granular shear flows.19 For shear
flows, d2

p-based scalings may be justified as the particle size
is the only obvious length scale. An additional length scale
is provided by the mixer dimensions Ddrum for drum and
bladed mixers, which is also likely to affect advective and
diffusive particle motion.
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It is known that the advective flow in rotating drums is
dependent on the particle size relative to the drum diameter.
Khakhar et al.16 and Orpe and Khakhar20 showed that the
thickness and shear rate in the active layer are dependent on
the dimensionless size ratio Ddrum=dp. Additional evidence
for the drum-size dependence on advective flow was
obtained when the bed free surface shape16,20 and stream-
wise velocities in the shearing layer21 were also found to
depend on Ddrum=dp. Alexander et al.22 experimentally deter-
mined that the ratio of bed surface velocity to peripheral
drum speed is proportional to ðDdrum=dpÞ1=6

for smaller rota-
tion speeds (less than 30 rpm), and proportional to
ðDdrum=dpÞ1=4

for larger speeds (greater than 30 rpm). It is
apparent that the ratio Ddrum=dp is a significant dimension-
less quantity affecting particle flows in confined geometries.

These previously mentioned studies clearly establish that
particle size affects advective and diffusive flow in rotating
drum mixers. It remains to be seen whether these relation-
ships between particle size and flow can be generalized to
other granular mixers, or whether studies specific to the
device of interest need to be performed.

Mixing simulations of a vertical axis, bladed mixer were
performed by Radeke et al.5 for varying dimensionless size
ratios Ddrum=dp. The simulations reported in Radeke et al.5

were performed for different dimensionless impeller rotation
rates (or Froude numbers, defined in the Method section),
and, therefore, a direct comparison of mixing rates is mis-
leading. However, it was readily apparent that the simula-
tions with smaller particles required more blade rotations to
achieve a similar degree of homogeneity.

Experimental studies of mixing in a rotating drum were per-
formed by Abouzeid et al.23 Although they varied the particle
size between 211 and 599 mm, this range was too small for
them to notice any significant change in the residence time dis-
tribution, axial transport behavior, or bulk holdup. Studies by
Pernenkil24 of a double-helical ribbon blender showed that big-
ger particles yielded larger axial diffusion coefficients. Since
only two particle sizes were investigated by Pernenkil,24 their
results can only be interpreted to identify qualitative differences
in mixing rates as particle size changes.

Hassanpour et al.25 investigated the influence of particle
size in a twin axis, horizontal paddle mixer using DEM. They
clearly showed that the predicted average particle speed

increases linearly with simulated particle size. A similar
particle-size dependence can be expected for other mixing devi-
ces that also operate on the principle of achieving agitation via
rotating blades/paddles (such as the mixer that will be consid-
ered in this study, described in the Method section). No com-
parisons of mixing rates were performed in Hassanpour et al.25

The existing literature clearly establishes that both the macro-
scopic advective flow and microdynamic behavior depend on
particle size, device size, and is specific to mixer geometry. A
thorough systematic investigation of the effects of the simulated
particle size on DEM flow simulations is lacking. In this study,
this problem is addressed by simulating a section of a
horizontal-axis bladed mixer, a common design for batch and
continuous granular blenders.6–12,26 The focus of this work is to
better interpret the limitations of DEM predictions that arise
from the use of larger particles. Particle-size-based scaling rela-
tions to improve DEM prediction accuracy are also presented.

Method

A periodic slice of a horizontal-axis mixer containing a pair
of symmetric blades is used for this study (Figure 1). Two V-
shaped impeller blades rotate with their convex side as the
leading edge. This blade design is slightly different from previ-
ously used flat blades8,9,11,12 to ensure that no macroscopic
axial flow is produced. Hence, changes in flow or mixing
behavior are solely due to varying particle size without inter-
ference from axial flow. The V-shape of the blades is expected
to promote diffusive mixing and suppress coordinated advec-
tive flow in the transverse (X-Y) mixer plane. Mixer dimen-
sions and geometry are summarized in Table 1. All
simulations in this work are performed using an in-house,
serial DEM code, which has been used in previous studies.8–11

Normal contact forces (FN) are modeled by the Tsuji
et al.27 force model, comprised of a Hertzian spring with
nonlinear damping, given by

FN5kHzd
3=21bN

_dd1=4; (2)

where kHz is the Hertzian contact stiffness and bN is the nor-
mal damping coefficient, detailed in Sarkar and Wassgren11

and Dubey et al.12 This particular form of the normal force
model was chosen as it yields a velocity-independent coeffi-
cient of restitution. Tangential forces are calculated using a

Figure 1. Schematic of the periodic slice mixer geometry.

Geometric aspect ratios are preserved for the cases where

drum diameter is varied. The simulated device dimensions

are summarized in Table 1. Gravity (g) acts vertically

downwards in the view shown.

Table 1. Simulation Parameters

Parameter Value(s)

Particle density q 5 1000 kg/m3

Gravitational acceleration g 5 9.81 m/s2

Drum diameter (baseline casea) Ddrum 5 150 mm
Axial periodic length Lper=Ddrum50:4
Shaft diameter Dshaft=Ddrum50:1333
Blade length lblade=Ddrum50:4333
Blade width (each arm of V-shape) wblade=Ddrum50:1000
Blade angle (between arms of V-shape) 120

�

Young’s modulus (particles and walls) 1 MPa
Poisson’s ratio (particles and walls) 0.3
Normal restitution coefficient 0.5
Sliding friction coefficient

(particle–particle and particle-wall)
0.3

Particle size, dimensionlessb Ddrum=dp 5 12.5–100
Froude number (dimensionless

impeller speed)
Fr 5 0.30–1.06

aAdditional simulations were performed for Ddrum 5 75, 112.5, and 225 mm.
However, the ratio Ddrum=dp was determined to be the key dimensionless number.
bFor reference, the range of absolute particle sizes simulated are dp 5 1.5–
12.0 mm.
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simple Coulomb friction model, given by FT5lsFN , where
FT and FN are the tangential and normal contact force mag-
nitudes, respectively, and ls is the coefficient of sliding fric-
tion between the contacting surfaces. In agitated granular
mixers, tangential interactions are dominated by sliding fric-
tion and the simpler Coulomb friction model is generally
adequate; rolling friction is not included.

For an undamped Hertzian contact, the duration Tbc of an
ideal binary collision between two identical particles with a
characteristic impact speed xDdrum=2 is given by

Tbc � 3:36
q2d5

pð12m2
PÞ

2

xDdrumE2

" #1=5

; (3)

where E and mP are the Young’s modulus and Poisson’s ratio,
x is the impeller rotation speed, and q is the particle density.
Particles of all sizes are assumed to be made of the same
material, and, therefore, the material properties E and m are
held constant (Table 1). Previous studies28–30 have shown that
averaged particle trajectory and velocity measurements, rele-
vant to mixing studies, are relatively insensitive to the
Young’s modulus. As such, many DEM studies use particles
with a smaller elastic modulus compared to real particles (see:
Hassanpour et al.,25 McCarthy et al.,1 Sudah et al.,3 to name
just a few). This work also uses particles possessing greater
pliability yet with stiffness sufficient for mixing simulations.

From Eq. 3, it is seen that the collision duration Tbc

decreases with particle size, which, in turn, necessitates a
smaller simulation time step Dt to accurately resolve a typical
collision event. Simulations with smaller particle sizes are
computationally more expensive not only due to the increased
number of particles but also due to the need for smaller time
steps. A value of Tbc=Dt � 30 is maintained for all dp values
in the present simulations, which is sufficiently small to accu-
rately resolve particle trajectories during collisions.31

The effects of particle size on flow and mixing is studied by
varying Ddrum=dp. This dimensionless size ratio can be varied
by changing either dp or Ddrum. Although dp is varied in the
majority of the simulations, a few simulations with varying
Ddrum are also presented (refer to Table 1). It will be demon-
strated that the dimensionless particle size Ddrum=dp is more
important than the absolute values of dp or Ddrum. The scaling
relationships developed are expressible as functions of Ddrum=dp.

The impeller rotation rate is expressed as the dimension-
less Froude number Fr, given by

Fr5
x2ðDdrum=2Þ

g
; (4)

where x is the blade rotation speed and g is the acceleration
due to gravity. Several values of Froude number are investi-
gated (Table 1), based on typical operating speeds of real
mixers.6,7 A particular case, Fr 5 0.84, is studied more

Figure 2. Averaged solid fraction and velocity vectors at z=Lper � 20:28, (a) Ddrum=dp 5 100, (b) Ddrum=dp575, (c)
Ddrum=dp550, and (d) Ddrum=dp537:5; presented for the representative Fr 5 0.84 case.

Vertical lines show the orientation of impeller blades. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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thoroughly—additional simulations are performed with
smaller particle diameters. Many of the comparisons will be
presented for this representative Fr 5 0.84 case, but the
results are equally valid for other impeller speeds.

The number of particles Np in the simulations is given by

Np5
0:64 mbulk � p4 ðD2

drum2D2
shaftÞLper

p
6

d3
p

; (5)

where Dshaft is the shaft diameter and Lper is the periodic
length of the mixer slice. The factor 0.64 accounts for the
voidage in a randomly packed bed of spheres. A bulk fill
level of mbulk 5 0.30 is used for all simulations, based on
experimental6,7 and computational11,12 measurements of typi-
cal holdups in bladed mixers. A uniform size distribution of
620% the mean diameter dp is assigned to the particles to
prevent ordered crystalline packing.

It should be noted that the computational speed of DEM
simulations scale nonlinearly with Np, typically varying
between OðNpÞ and OðN2

pÞ, depending on software implemen-
tation. The smallest particle size that could be simulated in this
work is dp 5 1.50 mm (corresponding to 113,152 particles),
which is still larger than real powder particles (dp � 0.05–
0.5 mm). Nonetheless, valuable qualitative and quantitative
insights regarding the influence of particle size are gained.

Cohesive and aerodynamic forces, which may become sig-
nificant at smaller particle sizes,32 are not considered in the
current set of studies. At present, behavior of noncohesive

particles is investigated and the choice of including cohesion
is deferred to a future study.

Experimental validation of DEM results is not addressed
in this study as previous validation studies have already
demonstrated that DEM can accurately reproduce the flow of
real noncohesive particles in bladed granular mixers (see,
e.g., Remy et al.33). In this work, the well-established DEM
technique is used to investigate the influence of particle size
on flow and mixing.

Advective Flow and Impeller Torque

Local solid fraction and velocity values are calculated by
subdividing the domain into cubical bins: 20, 20, and 8 bins
are considered along the X, Y, and Z directions, respectively.
For clarity, figures and detailed comparisons of advective
flow fields and velocity profiles are presented only for the
smaller particle size cases (Ddrum=dp ranging from 37.5 to
100). The smaller particles are closer in size to real particle
diameters and, hence, are of greater interest.

After a few initial transient blade rotations, the bed behavior
and averaged velocities exhibit periodically steady temporal
profiles, indicating periodic steady-state flow has been
achieved. From the steady-state measurements, instantaneous
values of the mean solid fraction and mean particle velocity are
recorded for all bins. For a given blade orientation, these meas-
urements are then averaged over several blade rotations (� 8).

Figure 3. Differences in average local solid fraction (Dm) between the more-accurate Ddrum=dp 5 100 case and (a)
Ddrum=dp575, (b) Ddrum=dp550, (c) Ddrum=dp537:5 cases, presented for Fr 5 0.84.

All contours plotted for the cross section at z=Lper � 20:28. Vertical dotted lines represent the orientation of impeller blades.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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A comparison of these flow features for different particle sizes
are shown for the cross sectional plane at z=Lper � 20:28
(Figure 2). The position of the impeller blades is indicated by
vertical lines. The blades rotate counterclockwise in the view
shown.

Similar bed behavior is exhibited by all particle size cases.
Material upstream of the lower blade has the largest solid
fraction because it is subjected to compressive forces by the
counterclockwise-rotating blades. A region of larger voidage
is observed in the wake of the rotating blades. Some par-
ticles are carried out of the bed by the blades and thrown
over the central shaft. The bed shape does not vary much
with changing particle size.

However, on closer examination, several differences in
flow and packing emerge. As the particle size increases, the
blades carry a larger volume of particles out of the bed. This
increase in particle mass in the top half of the mixer is com-
pensated by a decrease in solid fraction in the wake of the
blade. For the larger particle size cases, speeds in the the top
half of the mixer also appear to be larger.

In addition to describing the macroscopic flow differences
qualitatively, the prediction errors associated with using larger
particles should also be quantified. To make this quantitative
comparison, the DEM simulation with the smallest particles
(Ddrum=dp 5 100) is considered to be a better representation of
the real flow. The results of this smallest-particle-size case

(Ddrum=dp 5 100) are then subtracted from measurements of
the large-particle cases (Ddrum=dp 5 37.5, 50.0, and 75.0).

Figure 3 presents the relative differences in solid fraction,
that is, the solid fractions reported in Figures 2b–d minus the
smallest-particle solution (Ddrum=dp 5 100) of Figure 2a. This
relative difference illustrates the accuracy (or lack thereof)
of large-particle DEM simulations compared to the
Ddrum=dp 5 100 case. Regions with negligible differences (less
than 1% variation in solid fractions) are colored gray, which
include large parts of the bed in front of the lower blade, that
also happen to be the densely packed regions subject to com-
pression. The largest differences are observed in the wake of
the blade near the free surface and in the vicinity of the top
blade—regions where solid fractions are small. Although the
measured relative differences are larger throughout the bed for
bigger simulated particles, the dilute regions exhibit greater
discrepancies compared to denser regions of the flow.

A similar comparison of the relative differences in particle
speed is presented in Figure 4. The speed differences are
consistent with the solid fraction differences: predictions for
the dilute regions (blade wake and above the shaft) are less
accurate compared to the dense regions (front of the blade).
Juxtaposition of Figure 2 against Figures 3 and 4 reveals a
clear correlation between the difference predictions and local
solid fraction. Based on this observation, the following
hypothesis is proposed: DEM simulations with larger

Figure 4. Differences in average local particle speed (Dj v!j) between the more-accurate Ddrum=dp 5 100 case and
(a) Ddrum=dp575, (b) Ddrum=dp550, (c) Ddrum=dp537:5 cases, presented for Fr 5 0.84.

All contours are plotted for the cross section at z=Lper � 20:28. Vertical dotted lines represent the orientation of impeller blades.

White areas denote the regions with insufficient particles to compute the average speed. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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particles yield better predictions for dense regions, but are
less accurate for dilute regions. Simulating larger particle
sizes to obtain advective behavior may be acceptable for pre-
dominantly dense systems (e.g., rotating drum mixers) but is
a poor choice for dilute flows.

To test the aforementioned hypothesis, the root mean square
difference (RMSD) for solid fraction and speed are calculated
as a function of the local solid fraction m (Figure 5). The
RMSDm value for a solid fraction value m is defined as

RMSDm5hðmlarge2msmallÞ2i1=2; (6)

where angular brackets h�i denote an average of the enclosed
statistics collected from regions with local solid fraction m.
The difference mlarge2msmall represents the error between the
larger particle size cases (Ddrum=dp 5 37.5, 50.0, or 75.0) and
the smallest-particle solution (Ddrum=dp5100). The RMSD

j m!j
values are similarly calculated by substituting mlarge and msmall

in Eq. 6 with j v!jlarge and j v!jsmall, respectively.
The proposed hypothesis is confirmed by the results pre-

sented in Figure 5. For a given particle size case, RMSDm val-
ues generally decrease with increasing local solid fraction m.
(Local peaks at m � 0:5 are observed for the Ddrum=dp 5 50
and 37.5 cases, but their origin could not be determined.) Fur-
thermore, RMSD

j m!j values increase monotonically with

decreasing m, and are considerably larger at small solid frac-
tions (Figure 5b). Both RMSDm and RMSDj v!j values
increase systematically as the diameter difference between the
larger simulated particles and the more-accurate
Ddrum=dp 5 100 case increases. Based on these results, it can
be confidently concluded that flow predictions are more sensi-
tive to Ddrum=dp in dilute regions but less so in dense regions.

To ascertain that larger particles can indeed yield reason-
ably good predictions in the denser flow regions (compared
to the more accurate, small-particle simulation), a representa-
tive densely packed volume of the bed is examined (Figure
6a). Particles in this volume are subject to compression by
the rotating blades, resulting in larger local solid fractions.
Varying the simulated particle diameter does not produce any
appreciable differences in the axial solid fraction profile (Fig-
ure 6b). A comparison of the axial speed distributions (Figure
6c) further shows that the predictions in this dense region are
insensitive to the simulated particle size. Examination of other
densely packed regions directly above the volume marked in
Figure 6a also show no noticeable dependence on the simu-
lated particle size (not presented separately as figures). There-
fore, for predominantly dense flows, use of larger particles is
a reasonable approximation for DEM models when advective
flow is of interest. This finding is consistent with the experi-
mental studies of Bridgwater et al.13 involving flow past a sin-
gle mixing blade, where advective particle displacements
were found to be independent of dp.

The last advective flow quantity investigated is the average
impeller torque (�Cz) required to rotate the blades through the
bed. The torque relates to the work done on the particles by the
blades and, therefore, to the degree of agitation the material
experiences. The time-averaged impeller torque is calculated
using

�Cz5
1

Trot

X
all time steps

during Trot

X
all

contacts

r!cðtÞ3 F
!

cðtÞ
h i

� 2k̂
� �

Dt; (7)

where r!c and F
!

c are the instantaneous location and force
vectors for a particle-blade contact (in the blade’s frame of
reference), and k̂ is the unit vector along the shaft axis. The
inner summation computes the net instantaneous impeller
torque due to all particle-blade contacts. The outer summa-
tion yields the time-averaged torque over one impeller rota-
tion. Equation 7 provides the correct approach to accurately
compute the torque. The contact forces must be sampled and
averaged every time step Dt, otherwise a significant number
of particle-blade collision events may be mistakenly ignored.

The �Cz measurements, made dimensionless by a characteris-
tic torque scale qD5

drumx2, are presented as a function of
Ddrum=dp (Figure 7a). First, the suitability of Ddrum=dp for the
purposes of developing scaling laws must be evaluated. It
remains to be seen whether Ddrum=dp is the meaningful dimen-
sionless number, or if the two length scales Ddrum and dp need
to be considered separately. For the Fr 5 0.84 case, two
approaches to adjust Ddrum=dp were adopted: dp was varied
while holding Ddrum constant, and vice versa. Both approaches
yield almost identical values for the dimensionless torque (and
other measurements presented later). Therefore, Ddrum=dp is
the appropriate dimensionless parameter for scaling relation-
ships; absolute values of dp or Ddrum are unimportant.

The dimensionless torque measurements for different
impeller rotation speeds can be collapsed to a single curve
by a simple Froude number scaling (Figure 7b), given by

Figure 5. Root mean square difference (dimensionless)
for (a) solid fraction RMSDm, and (b) average
particle speed RMSD

j v!j, between the smallest

particle size case (Ddrum=dp 5 100) and larger
particle size simulations (Ddrum=dp 5 37.5, 50,
75) as a function of local solid fraction m.

Each data point is a measure of the local error in the

region with corresponding local solid fraction m. The

errors are shown for the representative Fr 5 0.84 case.
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�Cz

ðqD5
drumx2Þ

� Fr20:9 0:00260110:001677e
20:04305

Ddrum
dp

h i
: (8)

The impeller torque, made dimensionless and scaled thus,
is found to decrease with increasing Ddrum=dp, and eventu-
ally asymptotes for infinitesimally small particles (or infin-
itely large mixers). Larger particles in DEM simulations
overestimate the torque, but the Ddrum=dp 5 100 case predic-
tion is within 2% of the asymptotic value (extrapolated for
cohesionless particles without air effects).

Velocity and Speed Distributions

It was previously demonstrated that particle speed predic-
tion errors increase with the size of simulated particles. The
flow microdynamics is probed further by constructing fre-
quency distributions of particle speeds and velocity compo-
nents (Figure 8). Particle velocities over 10 impeller
rotations with 48 regularly spaced blade orientations (per
rotation) are included to determine these frequency
distributions.

Bimodal curves for particle speed distributions are
obtained for all particle sizes (Figure 8a). The first mode
occurs at a value close to zero, representing the almost-
motionless particles that are able to settle in between blade
passes. Note that there is no contribution from dead zones as
the entire bed experiences some degree of agitation (refer to
Figure 6c). The proportion of almost-motionless particles
increases with decreasing particle size, consistent with the

findings of Hassanpour et al.25 In this study, there is a signif-

icant change in the proportion of nearly static particles as dp

is varied. The percentage of particles with speeds less than

0.05 times the blade tip speed increases from 5.8%

for the Ddrum=dp512:5 case to 21.0% for Ddrum=dp 5 100

(Fr 5 0.84). This change in the fraction of almost-stationary

particles is expected to impact mixing behavior; the mixing

rates should decrease with particle size.
The secondary peak in Figure 8a represents the modal

speed of the agitated particles, which varies with particle

size—larger speeds are observed for larger particles. The fre-

quency distributions for velocity components vx, vy, and vz

also are constructed (Figures 8b–d). The distribution of vz is

symmetric around vz 5 0, as expected, given the axial sym-

metry in blade design. Asymmetric distributions for vx and

vy are obtained because particle agitation occurs mainly in

the transverse (X-Y) plane. Consistent with the f ðj v!jÞ
results, f ðvxÞ; f ðvyÞ, and f ðvzÞ distributions also exhibit a sys-

tematic dependence on Ddrum=dp. The bed microdynamics

are clearly affected by the simulated particle size.
There is an overprediction of the velocity magnitudes

when larger particles are simulated (Figure 8). The average
speed (nondimensionalized) of all particles in the bed is
found to vary linearly with dp=Ddrum (Figure 9a). A velocity
correction can be developed based on this linear trend. First,
the data points for different impeller speeds are collapsed to
a line by a Froude-number-based scaling (Figure 9b), given
by

Figure 6. Comparison of the axial (Z) distribution of solid fraction and particle speed for varying Ddrum=dp in a
dense flow region of the bed.

(a) Location of the dense region “A”, (b) solid fraction in region A, and (c) average speed in region A. Shaded regions in (b) and

(c) mark the projected axial extents of the blades. [Color figure can be viewed in the online issue, which is available at wileyonline-

library.com.]
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j v!javerage

xðDdrum=2Þ � Fr0:15 0:202814:375
dp

Ddrum

� �
; (9)

where j v!javerage is the bed-averaged particle speed. Then,
velocity predictions from large-particle DEM simulations
can be scaled down to the appropriate dp value by a factor
determined from Eq. 9. Strictly speaking, the velocity correc-
tion should also be a function of the local solid fraction m, as
it was shown that speed errors depend on m as well (Figure
5b). At present, the solid-fraction dependence is ignored and
it is suggested, as a first engineering approximation, that the
same correction factor be applied throughout the bed. Note
that the dimensionless number Ddrum=dp (or, rather, its recip-
rocal) appears in the scaling law for particle speed (Eq. 9),
as was the case for torque (Eq. 8, Figure 7); individual val-
ues of dp and Ddrum are unimportant.

Hassanpour et al.25 also report a similar linear relationship
between the mean speed and particle size for their bladed
paddle blender. Their attempts to use this relationship to
extraploate the speed of real particles, experimentally meas-
ured using position emission particle tomography, did not
yield satisfactory results. Idealization of the particle shapes
in DEM models was blamed for the discrepancy between
simulations and experiments. The authors of this present

work think that emergence of secondary physical effects,
such as cohesion and fluid effects for actual powder par-
ticles, could also be a source of error. Extrapolation of the
scaling expressions, derived using noncohesive DEM simula-
tions, is valid only if the underlying physics remain
unchanged, i.e., actual powder particles are also cohesionless
(e.g., in this work, even the smallest particle size cases obey
the trends shown in Figures 7 and 9). If additional physics
are important to the problem, they should be incorporated in
the DEM models employed for scale-up studies.

Coordination Number and Diffusion Coefficient

The coordination number is another convenient and useful
measurement for characterizing the microscopic flow and pack-
ing structure of a granular bed (Figure 10). The mean particle–
particle coordination number cpp is calculated using a time-
averaging scheme similar to the torque calculation method (Eq.
7): coordination number statistics are sampled and averaged
after every time step Dt for all particles. The particle-boundary
contacts are not included in this computation.

In the absence of wall effects, that is, for infinitely large
beds and/or infinitesimally small particles, the coordination
number should be independent of the particle size. However,
in bounded vessels such as the present mixer, wall effects
can be significant and the mean cpp is a function of
Ddrum=dp. As the particle size decreases, the contribution to
cpp from the near-wall region declines compared to the con-
tribution from bed interior. The value of cpp eventually
approaches an asymptotic limit c1 for infinitesimally small
particles (Ddrum=dp !1). This asymptotic value c1 is of
interest for real particles.

A simple model is proposed to describe the relationship
between cpp, dp, and Ddrum (see Appendix for details). This
model considers the contributions to coordination number
from the bed’s interior and near-wall regions, and expresses
cpp as a fraction of c1, given by

cpp � c1
11w1

dp

Ddrum

� �
11w2

dp

Ddrum

� � ; (10)

where w1 (� 8:443) and w2 (� 43:61) are geometry-
dependent fitting parameters with values satisfying the
requirements described in the Appendix. The asymptotic coor-
dination number value (c1) depends on the impeller speed.8

A simple Froude number scaling captures this dependence for
the present mixer: c1 � 5:11Fr20:28. The model given by Eq.
10 fits the data well. For example, the intermittently agitated
bed at Fr 5 0.84 yields a reasonable value of c155:37 (com-
pare with 5.5–6.4 for stationary packed beds34). The ratio
Ddrum=dp continues to be the key dimensionless quantity for
scaling coordination number, consistent with the findings for
torque and speed (Figures 7 and 9).

The predicted cpp values are considerably smaller than the c1
value even for simulations with Ddrum=dp 5 100. If the bed
microstructure is of interest, modeling larger particles in DEM
simulations is a poor approximation. In such scenarios,
coordination-number corrections must be developed and applied.

The time-averaged particle-blade coordination number cpb

was also computed (not separately presented as a figure). The
number of particle-blade contacts should relate to the blade area
(/ D2

drum) and the projected particle surface area (/ d2
p). After

scaling, the quantity cpbd2
p=D2

drum is found to be almost almost

Figure 7. Torque experienced by the impeller blades
for varying Ddrum=dp and Fr, (a) made dimen-
sionless by qD5

drumx2 and (b) further scaled
using Fr.

Scatter bars represent plus/minus one standard devia-

tion of the average torque recorded over several impel-

ler rotations. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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constant for a given Fr value. This result provides a measure
for the number of particles (cpb) agitated by the blades through
direct contact, and thus a method for evaluating blade efficacy.

Finally, the effect of particle size on mixing rates is stud-
ied. Granular diffusion coefficients, also referred to as “self-
diffusion coefficeints,” have been commonly used to measure
granular mixing rates.12,19,35 Commonly encountered meas-
ures of mixing that are based on artificially tagging particles
as separate species (such as relative standard deviation) are
not used here. The measurements from such an approach
depend on how the species are initially tagged (e.g., top/bot-
tom, side/side, front/back). The diffusion approach eliminates
this dependence on initial conditions.

The granular diffusion coefficients are expressed by the
symmetric tensor, Dij. For diffusion processes obeying Fick’s
law, Dij is calculated as

Dij5 lim
t!1

hDxiðtÞDxjðtÞi
2t

; (11)

where DxiðtÞ is the random diffusive displacement of a parti-
cle in the ith direction (i, j 5 X, Y, Z) at time t, obtained after
subtracting any contribution from mean advective flow. The
angular brackets h�i indicate an instantaneous average of the
expression within, over all particles in the domain. The limit
t!1 is used to attenuate initial transients, though in prac-
tice a sufficiently large time serves the same purpose.

The first step towards determining the Dij values is to

ascertain whether the granular diffusion process obeys Fick’s

law. Mixing along the mixer axis (Z) shows the characteris-

tics of Fickian diffusion: linear variations of hDzDzi with

time are observed for all cases (Figure 11 shows a represen-

tative case). The axial diffusion coefficient is easily calcu-

lated from the slope of this line, which is 2Dzz (Eq. 11).

However, the diffusion process in this mixer is anisotropic,

demonstrated by Campbell19 to be a common feature of

granular flows.
Mixing in the transverse directions (X and Y) is clearly

non-Fickian, further complicated by the presence of physical
walls that bound the values of hDxDxi and hDyDyi. (Periodic
boundaries imply the mixer is unbounded along the Z-direc-
tion.) The Dxx and Dyy values could not be reliably deter-
mined from the present data, but it can be inferred that
transverse mixing is much faster than axial mixing. The off-
diagonal terms in the Dij tensor were also examined but
were found to be relatively small.

The computed Dzz values, made dimensionless by xD2
drum,

can be used to characterize the influence of particle size on
mixing rates (Figure 12). The dimensionless diffusion coeffi-
cients vs. dp=Ddrum data collapse on a straight line, without
the need for Froude number scaling (although x appears in
the nondimensionalization). A scaling relationship for Dzz is
given by

Dzz

ðxD2
drumÞ

� k
dp

Ddrum

� 	
; (12)

where k is the only fitting parameter, determined to be
0.01355 for the present mixer geometry. This linear variation
of the diffusion coefficient with dp is a departure from the
previously reported d2

p dependence.14–18 Moreover, Eq. 12

Figure 8. Frequency distribution functions for particle speed and velocity components for varying particle size, (a)
speed fðj v!jÞ, and velocity components (b) fðvxÞ, (c) fðvyÞ, (d) fðvzÞ.
Note the logarithmic scales of the Y-axes. Distribution functions are shown for the representative Fr 5 0.84 case. [Color figure can

be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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shows that Dzz / Ddrum, that is, the device length scale is
also important in bladed mixers. This dependence on Ddrum

can possibly be linked to the blade size (which scales with
Ddrum). More particles are agitated by a larger blade, thus
increasing the diffusion coefficient.

Equation 12 may be used to extrapolate the diffusion coef-
ficients for smaller particles, assuming the underlying
physics remain unchanged. The granular mixing rates are
significantly overpredicted by using larger particles in DEM
studies. Notwithstanding, Eq. 12 provides a convenient start-
ing point for developing particle-diameter-based corrections
for DEM predictions, which then can be used to estimate
mixing rates more accurately for smaller particles.

Conclusions

DEM simulations are used to demonstrate the effects of
the modeled particle size, which are often larger than actual
particles, on flow and microdynamics in a bladed granular
mixer. Quantitative scaling relationships based on the dimen-
sionless particle size (Ddrum=dp) and impeller speed (Fr) are
presented for several key flow measurements. These relation-
ships can be used to understand the influence of particle-size

Figure 10. Particle–particle coordination number,
scaled using Fr, for varying Ddrum=dp and
Fr.

Solid and dotted lines show the fit and asymptotic

limit, respectively, given by Eq. 10. [Color figure

can be viewed in the online issue, which is available

at wileyonlinelibrary.com.]

Figure 11. Mean square random displacements, made
dimensionless by D2

drum, as a function of the
number of impeller rotations (t=Trot).

Arepresentative case for Ddrum=dp 5 37.5 and Fr 5 0.84

is shown, but all cases exhibit similar behavior. [Color

figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]

Figure 12. Axial diffusion coefficients Dzz, made dimen-
sionless by xD2

drum, for varying dp=Ddrum and
Fr.

The solid line is the fit given by Eq. 12. [Color figure

can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 9. Average particle speed for varying dp=Ddrum

and Fr, (a) made dimensionless by blade tip
speed (xDdrum=2) and (b) further scaled using
Fr.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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assumptions on DEM results, and, thus, better utilize the pre-
dictions from large-particle DEM simulations.

Although the advective flow patterns appear similar, the aver-
age speed and distribution of velocity components are functions
of Ddrum=dp. The dependence on Ddrum=dp is strongest at smaller
solid fractions, suggesting that the use of larger particles in DEM
models may be a poor approximation for predicting the advective
flow in predominantly dilute systems. Furthermore, the flow
microdynamics depend strongly on the particle size for dilute as
well as dense flows. For example, the diffusion coefficient Dzz in
the present granular mixer is found to be a linear function of the
particle diameter dp. DEM simulations with larger particles will
tend to overpredict the degree of mixing, assuming the particle
physics remain unchanged as particle size decreases. The scaling
laws presented in this work provide perspective on the particle
size effects in DEM simulations and may be used to develop
quantitative corrections for the large-particle results.

The methodology presented in this work can serve as a
basis for addressing scale-up of a wide class of powder mixers
and granular unit operations. However, cohesion and air
effects should be included when developing more realistic
scale-up models. Additional factors, such as actual particle-
size distributions and friction, should also be considered in
future studies. Although this study is limited to grains with a
narrow size range, the particle-size distribution may become
important in certain applications where the powders have
broad distributions.

DEM simulations of commercial mixers with realistic parti-
cle sizes remain outside the reach of current computational
resources, but particle-size-based scaling relationships are a via-
ble alternative for accurately predicting real powder flow. Vali-
dation of scaling laws, including extrapolation of the
relationships presented in this work, remains to be addressed,
subject to availability of detailed experimental data or computa-
tional resources that can afford fine-particle simulations (for
instance, parallelized GPU-based DEM codes, Radeke et al.5).
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Appendix: Mean Particle-Particle Coordination
Number

The packing in the interior of a granular bed is generally dif-

ferent than the packing near boundary walls or the free surface

(Figure A1). For a nonsegregated particle assembly, the parti-

cle–particle coordination number near the boundaries is gener-

ally smaller than that in the interior of the bed due to

differences in packing. In a vessel of finite size, these differen-

ces in packing affect the bed-averaged particle–particle coordi-

nation number cpp. As particle size decreases, the influence of

the wall regions on the average cpp value diminishes. In this

Appendix, a simple analytical model is presented to account for

the effect of boundaries on average particle–particle coordina-

tion number.

Let the particle–particle coordination number for a bed of

infinitesimally small particles be c1, which is also the coordina-

tion number in the core region of the bed away from boundaries.

For regions near the boundaries (i.e., region 1, region 2, etc. in

Figure A1), let the coordination number be c1, c2, etc. The num-

ber of particles in the interior region of the bed Nint is given by

Nint5
mintVint

vp
; (A1)

where mint and Vint are the solid fraction and total volume of the

interior region, and vp is the (characteristic) particle volume.

The number of particles Ni in region i (i 5 1, 2, . . .) is given by

Ni5
miVi

vp

; (A2)

where mi and Vi are the solid fraction and total volume of bound-

ary region i.
The average particle–particle coordination number for the

entire bed is the weighted average of the coordination numbers

in each region, the weights being the number of particles in

each region, given by

cpp5
Nintc11ðN1c11N2c21 � � �Þ

Nint1ðN11N21 � � �Þ

5

mintVint

vp

c11
m1V1

vp

c11
m2V2

vp

c21 � � �
� 	

mintVint

vp

1
m1V1

vp

1
m2V2

vp

1 � � �
� 	

5

c11
m1V1

mintVint

c11
m2V2

mintVint

c21 � � �
� 	

11
m1V1

mintVint

1
m2V2

mintVint

1 � � �
� 	 :

(A3)

Usually, the influence of the boundaries is felt up to a depth

of a few particle diameters normal to the boundaries. Hence, the

boundary region volume Vi / D2dp, where D2 scales with the

area of the boundary region (D being a characteristic vessel

length scale) and dp scales with the boundary region’s depth.

The interior volume of the bed can be approximated by Vint

/ D3 (for sufficiently large vessels). Thus, the ratio of volume

Vi to the volume of the interior Vint, appearing in Eq. A3, may

be expressed as

Vi

Vint

5ki
D2dp

D3
5ki

dp

D
; (A4)

where ki values are system-boundary-dependent proportionality

constants.

Substituting Eq. A4 into Eq. A3, the average particle–particle

coordination number may be rearranged and written as

cpp5

c11
m1

mint

k1c11
m2

mint

k2c21 � � �
� 	

dp

D

11
m1

mint

k11
m2

mint

k21 � � �
� 	

dp

D

5c1

11w1

dp

D

� 	

11w2

dp

D

� 	 ;
(A5)

where w1 and w2 are given by

w15
m1

mint

k1

c1

c1
1

m2

mint

k2

c2

c1
1 � � � ; (A6)

w25
m1

mint

k11
m2

mint

k21 � � � : (A7)

Equation A5 provides an expression for the average particle–

particle coordination number as a function of dimensionless parti-

cle size D=dp (or its reciprocal), based on a simple model that

recognizes the differences in packing between boundary and inte-

rior regions of the bed. From Eqs. A6 and A7, it can be expected

that w1 and w2 depend primarily on the system geometry. From

Eqs. A5—A7, it is apparent that fitted values for c1, w1, and w2

should yield positive, real numbers. In the limit D=dp !1 (i.e.,

infinitesimally small particles), the boundaries do not affect the

mean coordination number, as expected, and cpp ! c1.

Manuscript received May 1, 2014, and revision received July 26, 2014.

Figure A1. Idealized representation of a particle bed
showing near-wall and interior regions with
different packings.
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